BMO? SPACES AND THEIR PROPERTIES
IRFAN UL-HAQ AND ZHIJIAN WU*

ABSTRACT. We introduce the function space BM OZF, which generalizes both BM O
space of Bergman metric and a-Bloch space. By establishing certain covering prop-
erty for the open unit disc, we prove that a BM OP function can be decomposed into
a “bad” function which satisfies a Carleson type condition and a ”good” function
which satisfies a Sobolev type condition. As an application we also characterize the
multipliers from BMO?, to BMOY and VMO? to VMOY spaces respectively.

1. Introduction.

Let D be the open unit disc in the complex plane C, and let dA be the normalized
area measure. The BMO space of Bergamn metric on the open unit disc was first
introduced in [2]. It is the collection of all functions F' on D such that (see Zhu’s
book [11])

) 1
sup inf 5
2ed ¢ (1—|z])

/ |F(w) — c]* dA(w) < oo.

lw—z|<3(1~[2])

BMO space plays an important role in modern analysis, especially in operator theory
and function spaces. We refer the reader to [3], [4], [5], [6] [9], [10], [11]and references
therein. The a-Bloch space is the collection of all harmonic functions F' on D such
that (1 — |z])* |VF(z)| or equivalently

1
(1— 2% w) — F(z)] dA(w
(1— =)™ /w—z|<;<1—|z|>a [F(w) = F(z)] dA(w)

is bounded on . For the properties of this space we refere the reader to [7], [8] and
[1] and references therein.
In this paper we study a class of spaces BMOP where o > 1 and 1 < p < oo which

generalizes both BM O and a-Bloch spaces.
For fixed t € (0,1), « > 1 and z € D, we define the disc B,(z,t) as follows

Bu(z,t) ={w e C: |z —w| < t(1 — |z])*}.
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Note that o > 1 is necessary since the disc B,(z,t) may not remain inside D if & < 1
and |z| — 1~. Denote by F(z), the mean of F on the disc By(z,1), i.c.

~ 1
F(z)= —]Ba(z,t)] /Ba(m) F(w)dA(w)

where [Bo(2,t)| = [, .,y dA(w) = t3(1 — [2])** is the area of Ba(z,t). The p-mean
oscillation of F' on B,(z,t), for 1 < p < o0, is defined by

1
1 P P
wour)e0 = (i L A(w))
For F' € LY(D) , we say that F' is in BMO? if MOP(F)(z,t), as a function of z, is
bounded on D. We say that F isin VMO? if MOE(F)(z,t) — 0 as |z| — 1. By Holder
inequality it follows that BMOY C BMOP? it 0 < p < g < oo. It can be seen that the
spaces BMO? and VMO? actually do not depend on “t”. Therefore we assume that
t € (0,1) is fixed and use the notation MOP(F)(z) instead of MOP(F)(z,t). These
spaces, as far as we know, appear to be new in the litrature.

We remark that BMO? = BMO if o« =1 and p = 2. BMO?, generalizes also the

a-Bloch space, because F(z) = F(z) if F is harmonic on ID. We note that BMOP #
BMOY if p # q. We also note that BMO?, is a module, since MOP(F —c) = MOP(F)

for all ' € BMO? and any constant c. Therefore, to make the multiplier problem

F(w) — F(2)

meaningful we need to consider a modified norm for BMO?. This will be addressed
in section 4. We also remark that the decomposition of a BMOP function into “good”
and “bad” parts has it’s roots in [3], and the multiplier problem for BMO is studied
systematically in [6].

In section 2, we establish some covering properties for D. In section 3, we prove
that a BMO?P function can be decomposed into a “bad” function that is bounded
in terms of Carleson measure norm and a “good” function that is in the Sobolev
type space. Sections 4 and 5 are devoted to establish more properties of BMO?
and to characterize the multipliers from BMO? to BMOZ and VMO?, to VMOI
respectively.

Throughout this paper p is a fixed number such that 1 < p < 0o, and the letter “C”
denotes the positive constant which may vary at each occurance but is independent
of the essential variables and quantities. The notation < means compareable, with

the constants independat of the functions and quantities involved.
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2. A Covering Property.
Recall that for fixed ¢ € (0,1) and a > 1

Bo(w,t) ={z: |z —w| < t(1 — |w|)*}.

By (¢, a)-lattice we mean a family of points {z;} in D such that the collection of discs
{Ba(zj,t/3)} is an open cover for D and that

Bo(z,t/16) N By (2k,t/16) =0, for j # k.

Such a lattice can be constructed as follows. Let

1
E,={zeD:|z|<r,=1——_,n > 1}.
fzeDils<r=1-——,n>1)
Clearly E,, C D for all n. Let n = 1. Then {B,(w,t/8)}wer, is an open cover for
E,. Since F; is compact, the open cover will have a finite subcover, 7.e. there exist

wgl), e w&) in £ such that

By C UL B, (wl, /8).

Let m > 1 be such that
) 1
UL, Bo(w'lV, £/8) C B,
Consider
gm = m\ (U;ﬁ:lBa(w](‘l)a t/8>) :
Then &, is compact and hence the open cover { B, (w, t/8) } e ¢, has a finite subcover,

i.e. there exist, say, wY”), o w,EZL) in &, such that

En C U By (wi™ 1/8).

Clearly wgl), ey w,(i), wgm), ceey w,(:;)

B, C (uf;lBa(wf),t/S)) U (u;?;Ba(w;m),t/s)) .

are points in F,, and

Therefore the collection of discs {Ba(w§1), t/8), Ba(wgm), t/8)}51:]f22:1 is a finite open
cover for E,,. Continuing in this way we get a set of points {w;}32, in D such that
the collection of the discs U = { B, (w;,t/8)}32, covers D.

Pick a largest disc in U, say, B, (wi,t/8) and consider the disc B, (wy,t/3). Throw
away all the discs from U which are contained in B, (wy,t/3) and name the remaining
set UV, Then B, (w1,t/3) and U form again an open cover for D. Now pick a largest
disc from U™ and let us rename it as B (ws,t/8). Consider the disc By (ws,t/3) and
again throw away all the discs from U which are contained in B, (ws,t/3). Rename

the remaining set from UM as U®). Then By (wy,t/3), Ba(ws,t/3) and U form an
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open cover for . Continuing this process we get a new set of points {wj};?‘;l inD
and the related open cover ( countable ) {B,(w;,t/3)}5° for D.

The cover constructed above satisfies the property that
Ba (w;,1/16) N By (wi, t/16) =0, ¥V j # k.
Indeed, we suppose contrary, i.e. B, (wj,t/16) N B, (wy,t/16) # 0, for some j # k.
WLOG we assume |wy| < |w;|. We claim
B, (w;,t/8) C B, (wy,t/3).
Indeed let z € B, (w;,t/8). Then

|z —wr] <[z —wi] + Jw; — wy

(1 — |z | (=)t — )
s ( TT; )
¢ — J=z])”

A

<

This implies
B, (wj,t/8) C By(wy,t/3).
But this is not possible as B, (w;,t/8) is one of the discs which was thrown away in
the construction of the open cover {B,(w;,t/3)}. Henece our supposition is wrong.
The set of points {w;}7° constructed above is a (¢, a)-lattice. In the rest of this
paper {z;} is always a (¢, a)-lattice. Correspondingly, we define p; = t(1 — |z;|)* for
all j and for a fixed z € D define

J,={j:z€ B,(z,t/2)}.
Lemma 2.1. Let {z;} be a (t,a)-lattice. The following two properties hold.

P1-3, X, (2) < M(t) or equivalently |J,| < M(t) for all z € D.

a (Zjvt/Q

P2- If z € B, (zj,t/2) N B, (2x,t/2), then
By (2,t/2°7Y) C Ba(2j,t) N Ba(zk, t).
Here M(t) is a positive integer and depends only on t and «.

Proof: The proof of P2 is left to the reader. We only give the proof of P1.
First note that for fixed z € D, J, is a finite set. Let

[ = min(|z;]).

Then p; < p; for j € J.. Since
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zj—zi| <|zj— 2|+ -zl <B4+ 4 <p, forjel,
we have z; € B,(z;,t). Therefore
B, (2,t/16) C B, (%, (1 +1/16)t) , for j € J,.
Note that the discs {Ba(zj,t/16)};es. are disjoint. Hence the sum of the areas of
B, (#;,t/16) for j € J, is less than the area of B, (z;, (1 +1/16)t), or equivalently

2
Pj>2 2 1
L G
zJ:(16 p’(+16

J€J2

On the other hand, |z; — z;| < p; implies |2;| < p; + |2;| and hence

o=t =z > t1—p— =) > (11,

17\° P\ 2 (1—1)*\?
2 Z J 2}:
pi(m) ~ (16) - ( 16 '
j€J2 JEJ2

(17)°

Therefore

Which implies
PARS
This finishes the proof of P1. O

We will also need the following lemma which can be proved easily (see also [6]).

Lemma 2.2. For a fived t € (0,1)

(1 _ t)a < (1 — |w|)a

< <146, YV we By(z,t), 2€D.
(1= [z])"

3. Decomposition of BMO?, functions.
For F € L'(D), let

1
1Fllsuor = sup{MO2(F) ()}
ze
and

1 v

Fcp:sup<— prdAw>

[ E]] = ANENEn] Ba(m! (w)[PdA(w)

For F' differentiable at z, we define the weighted gradient of F' at z by
S(F)(z) = (1 = [z))" [VF(2)].

For F' in C'(D), denote

IFlls = sup{(1 ~ [2])" [VF ()]}
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The following theorem gives us the decomposition of the BAMOP functions as de-

scribed in the abstratct which has the root in Luecking’s Paper [3] (see also [5]).

Theorem 3.1. Suppose 1 < p < oo and let F € L'(D). Then F is in BMO?,
(VMOR) if and only if F = Fy + I, such that
(i)
1
|Ba(2,8)] Ja(20)
is bounded for all z in D ( tends to zero as |z| tends to 1 for all z in D) ;
(ii) Fy is in LY ((1 — |2])*dA(z), D), that is Fy is in C*(D) and

|[Ey (w)[PdA(w)

(1= [z))* [VFy(2)]

is bounded for all z in D (tends to zero as |z| tends to 1 for all z in D) .

Furthermore
I|Filler < C||F||gpor and ||Fslls < C||F|| o -

Proof: We prove “only if 7 part first. Select any fixed C35° function ¢ with support
in a disc centered at z = 0 of radius % such that 0 < <1 and ¥ =1 in a disc with
center z = 0 and radius 3. Let H = max.cp [Vi(2)]. Let {z;} be a (¢, )-lattice in
D and set 1; = 1) 0 ¢, where ¢, (w) = wp;j] The function ), 9, is bounded away (

for cach z € D) from zero because {By (25, £)} covers D. Finally, let

v = v
’ kak

Clearly v; is in C* and {v;} is decomposition of unity. We claim that there exists
L > 0 such that

(3.1)

S()(2)=A =z V3 <L, V ze D (3.2)

Indeed, for fixed z € D we have
Vo) = V(2]
Vih;(2) (Zker V(2 )) ¥;(2) (Zker Vwk:(z))
(Zker wk(z))

Since

1< < ||

> i(2)

keJ,
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and |V;(z)| < H, we have

Vs (2)] = \w (z‘zj) ‘ 1 2
P Pj

J

Therefore
voal < (L) g+ ) (Z pﬂ) |

Since J, is finite set, we can can select ¢ € J, such that |z| < |z]| for all k € J, and
hence p; < py for all k € J,. Then

V() (2)] < (pﬁ) g+ Z g = g+ 0 2 (33)

2 K3

On the other hand, for any j € J,, we have

Pj
— 7| < 2.
|Z Z.7| 2
Hence
3
L=lef = 1=lgl+]z =zl <5 1= z)).
Therefore
1-— a1 /3\“
ﬂ<—(—) Vel
Pj t\2

Using above inequality in (3.3) together with the fact that |J.| < M (t), we get

SO0 = (1= D IO < H M@ + 1) 1 (3)

This finishes the proof of our calim in (3.2).
For simplification, denote B; = B, (z;,t/2) and ¢; = ﬁ fB]_ FdA. We have

1

T L 1F = e = MOL(F) (5.t/2).
J J

Let
Fy(z) = chfyj(z) and Fy=F—F.
J

We only need to show that F); and F5, satisfy the conditions stated in the theorem.
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Indeed, for any disc B,(z,t) in D, we have, using the fact that Z% =1
k

1
1 »
- \F1|pdA)
(IBa(za O JBan)

1
= - F—
<|Ba<z,t>| ey | 7

keJw

dA(w)) '

i . v q 7
< |Ba(Z,t)| Ba(z.t) (Z |F_Ck| ) <Z ”7k| ) dA(U))

keJw k€Jw

3=

Let jz = UweBa(z)Jw- 1t is easy to see that jz is a finite set. And by the similar
argument as in Lemma 2.1, we can prove that |.J,| < M(t) with M (¢) independant of
z. Also |v;| <1 and J, is finite (|J,| < M(t)). Therefore from above inequality we
get

| ; (M(1)s /
FPdA < 7 F —ci|PdA
(‘Ba(z,t)‘ Ba(z,t) | 1| > o Ba(z,t)NB; Z | k|

kejz

hSA

IA

=

(]
IS

ke, mMOg(F) (zk,1/2)

< M10)} (F0)" max 2175y

- ked. |Ba(z, )] PO
It is easy to prove that |Bg| = |Ba(z,t)| for k € J.. Hence F\ satisfies the Carleson
condition stated in the theorem.

To show that F, satifies the Sobolev condition, we need the following pointwise
estimate of VFy(z). Fix a point z in D, we have
Fy(z) =) e(z) -
J

For convenience suppose that 1 € J,. Now we can write

Fy(2) =ca + Z(Cj —c1);(2) -
J
Therefore

VE(2) = (¢;—e)V(2) = Y (¢ — 1) V(=)

J J€Jx
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This together with (3.2) yeilds

2) < e —alS) () S LY e —al. (3.4)

J€J: Jj€J

Let j € J.. Since z € B; N By, we have (by P2)

By, (2,t/2°"1) C Ba(z;,t) N B(z1, ).

Let a = ¢/2%"!. Then

1
1 »
ol = (e oA
o~ (|Ba(2,a)| Ba(2,a) &5 =il )
. 1
< S - F F— PdA ’
- (|Ba(2,a)| Ba(2,a) (e [+ al) )

1
1 P 1 P
< (Lt o — FlPdA | + (— P cl|pdA)
( 1Ba(z,0)| Jpo(y) ) |Ba(2, )| J B

Ba(Zl, t)

Bo(.a) MO? (F) (z).

«

Bal(z.t) |7
B,(z,a)

Therefore (3.4) yeilds

LZ(‘

eJ;

MOLF)=) +

3 =

S (F2) (2)

IN

< ClFIgm0n-

We now prove the “if” part of the theorem. It is easy to see that Fj is in BMO?.
For Fg, we have

~ By )] dA(w)

1

1Balz )] ae
1

[Ba(z: )] Jp, o

p

Q(wl)dA(wl)

\Ba(z, t)] B (z,t)
1
[Ba(z,6)] Jpace)
By Poincaré inequality we have

1
|[Ba(2,0)] /a2

Py~ B(2) dA(w) ¢ [fét(;’;‘?a]p /B L IvRpaaw

C It — =) [S(F2)(w)]”
~ |Ba(z1)] /Ba(zt) (1= fw])™ piAL)

IN
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By Lemma 2.2, we have

1 < 1
T=Tul™ = G- 7@ )"

Therefore from above inequality, we get

1 / ~ P P
_— Fy— Fy(2)| dA(w) < C——5 sup S(F)(w) < C||Fy|s-
|Ba(z7 t)' Ba(z,t) (1 - t) P wEBa/(z,t)
This finishes the proof and hence the theorem. 0

4. More Properties of BAMO? Spaces and a-Bloch Spaces.
In the rest of this paper we denote du = ¢, (1 — |2])*" " dA(z) where ¢, is such that
[ diu=1". The following two lemmas are direct application of Theorem 3.1. Similar

results can be found in [6].

Lemma 4.1. Suppose F is locally integrable on D. If MOP(F) € L*, then F €
Li(p).

Proof: By Theorem 3.1, we can write F' = F} + F, with both functions M?(F;) and
S(F») bounded on D. Now we only need to show that both F; and Fy are in L'(u).

We claim that
1—¢ 2« B 1 ¢ 2«
LoV o [ xmaen() gy o (1E0)T
1+t | Bo(z,1)] 1—t
We will make use of Lemma 2.2 to prove above inequality. Indeed, consider

X)) gy [ XBaen ()
|Ba(z,t)| dA() N /t2(1—|z|)2adA()

2«
< %/ dA(z)
21— |w])?* J w12

2«
< %/ dA(Z)
21 = [wl)** J o< gt (- e
(1412 t e
= B e \a gD

B 1+t 2«
o o\1—t '

This proves the upper estimate. The lower estimate can be proved similarly.




BMO?% SPACES AND THEIR PROPERTIES 11

We are now ready to eastimate the L'(u) norms of Fy and F,. For F; we have

J (1—2) /( %M( >) |F (1) o)

() ([

ot (1) [ ME)Ea - k)
(L)%t
117

(L)t
< WHMa(Fl)(Z)HOO

For F,, first we note that for w € D

IN

IA

IN

1M () / dy

|Fy(w) — F»(0)] = /Oi(Fg(sw))wds

< yw|/ IV Ey(sw)]| ds

< ISEnlal [ i ds
S|UJ|

< CS(F)lls

(1- le)“*1 '

Therefore

/ Rl dp < / |Fy — Fy(0)] dpa + | Fo(0)

< CUSE [ s

< OISRl + [F2(0)] - D

dp + | F5(0)]

Lemma 4.1 allows us to modify the norm for BMO? space in the following way so
that BMOP? is not a module.

1 Baroz = 11wy + 1M OG(F) oo -

We will use this norm for BMOP in the rest of this paper. The following lemma
estimates the size of F(z) for F € BMOP.

Lemma 4.2. Suppose p > 1 and f € BMO?. Then

’[/7\(2)’ < C ||F||BMOg

_— \v4 D
TEE
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where C' is a positive constant independent of p.

Proof: By Theorem 3.1, there is a decomposition F' = F} + F, such that
IEN ey + IMECFD) [[oo + [1S(F2) o0 < C [ Fll B0z

where C' > 1 is a constant.
In order to estimate |F(z)|, consider the following decomposition
~ 1
o) = [Fdutw) - [Fduw) = i [ R0)] dAGw)
|Ba(2,0)] JB.(20)

— 1
+ / PO di() + o) + i [

Fa(w) dA(w)
- /Fd,u(w)juﬁ(z) —/F1 dp(w) —/Fz dpu(w)

1
+:/f5®)du() B o, P 44
1
T B )] Sy O dAC)
Therefore
|%Mswww+EW+wmm+/%—mwww
TR Fy(w) — F3(0)] dA(w)

|Ba(2,t)] /(2
< e + [Fi2)] + 1 Fllp
P = Ba0)lgy + M (B = Fa(0))(2). (45

By the proof of Lemma 4.1, we have

1l < CIM2(F) oo+ I1Fs— o)z < CIS(F)le (4.6)
nd CIS(F)|
_ < Z W2 \F2) o
7= RO e
Therefore
1
MYUF— B(0)(2) = — |Fy(w) — Fo(0)] dA(w)

|B (Z t>| Ba(z,t)

C 15(F)]n | .
< rB<>rﬂW@uwwwl“()

O IS(F)]l

< T (4.7)
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Therefore by (4.5), (4.6) and (4.7), we have

FG) < [Fllig + MEE)E) + CIMEE) | + ClSEn + %

ClIFl[pamoz
- (=)
This finishes the proof of the lemma. U

Lemma 4.3. Suppose p > 1 and K is a compact set in D. If F € LP and F =0 a.e.
on D\K, then F € VMO? and

2+ c,
_ T[] v
inf |B,(z,t)|?

where the infimum is taken over all w € D such that B,(w) N K # 0.

1 F [ paror <

Proof: It is easy to prove that for z € D, we have

MOZ(F)(z) < 2ME(F)(z)

1 v
= 2| — |F|pdA)
( |Ba(z,1)] Ba(z,)NK

1 v
< 2| |F|pdA)
(mf |Ba(z, )] Ba(z,)NK

2

inf | B,(z, )]
Also, note that the second estimate above suggests that MOP(F)(z) = 0 as z is
sufficiently get close to the boundary of D, since then B,(z,t) N K = ¢. ( Because
then B,(z,t) will be very small). Therefore f € VMO?. We further note that
|Bo(z,t)] < 1. Hence

£ o

B =

C
————|Flw

[FllL1w) < callFllor < cal [Fllee <
8 inf |Ba(z, 1)

and the desired result follows. OJ
Remark: Note that if z, is a point in K as in Lemma (4.3) such that |z,|] =

SUP,cx |w|, then

inf B = inf B = |By(20,1)] -
weD,BiI(lw)mK7A¢| a(w)] weD,;?eBa(w)| a(w)] | Ba(20, 1)

The following lemma shows that MOP(F')(z) and S(F')(z) are compareable if F' is

harmonic on D.

Lemma 4.4. Suppose z €D, p>1 and F € L}, (D).

loc
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(i) If F is differentiable on B,(z,t), then

2t
su S(EF) (w).
=0 o SEw)

(ii) If F' is harmonic on Bu(z,1), then

MOE(F)(z) <

MOP(F)(2) > # S(F)(2).
Proof:

For (i), we consider u € B,(z,t) and write u = £ + z with || < t(1 — |z|)*. Now

[F'(u) = F(2)|

" d
/0 £F(sf + 2)¢ ds

IN

t(1—|z])a/0 VF(s€ + 2)| ds
t(1—|z))* sup |VF(w)|

wEBa(z,t)

IN

t
sup (1 —|w|)*|VFE(w)|.
L wEBa(z’t)( [w)*|VE(w)]

IN

Therefore

21 sup  S(F)(w).

MOLF)z) <2 MY(F — F()() < ez swp |

For (ii) we use the harmonicity of F' in that the mean of F over the disc equals the

value of F' at the center of the disc, i.e.
B 1
|Ba (2 )| J o)

Also, let f = F + iF where F is a conjugate harmonic of F'. Recall that the repro-

F(z) F(w)dA(w) = F(2).

ducing formula for analytic function g € L is

1
9(z) = / o) = gadA)

1—w z)?
We have
o) =90 = [ =0 daw)
Therefore
(¥9)0) =2 [ (g(w) - ) w <1, > dAw)
Note that
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Therefore
(Vg)@)—l/(Rﬁwﬁw)—7&igmﬁ)@ < Li> dA(w).
Now translating this formula onto the disc {w : |w| < t(1 — |z])*}, we have

H1 = )"V (2)
= G oy, AU+ = RATE) T < 1> dAGw)

N Gﬁiﬂﬁ?iﬂxﬂ|ﬂ ((Pw+2) = (F) @ < 10> dA(w).
Therefore

tL =) [VE@E)] < t(1=[2)" [VF(2)]

4+/2
(1 —]z])*)? /|w|<t(1|z)"

4+/2
< W /|w|<t(1IZ)"

1
< 43 (—
|Ba(2,8)] JB.(20)

— 42 MO”(F)(z).

F(w+ z) — F(2)

IN

@] dA(w)

F@Hﬁﬁ—ﬁ@wdAW)

F@H¢y<ﬂ@fdAm0p

That is
S(F)(z) < MOY(F)(2).

This finishes the proof of part ( i). O

QI

Corollary 4.5. The harmonic BMO? (or VMO? ) space with p > 1 is ( equivalent
to ) the harmonic a-Bloch space ( or little a-Bloch space), which is the space of

harmonic functions F' on D with the norm
Hth:|F®”+ﬁg¥1_VDﬂVF@”
(or |Fllp, <oo, (1= [z])*|VF(2)] = 1 as[z| = 1).

Proof: Since

1FlBaor = [1Fll L1y + [MOG(F) oo
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and by Mean-Value Theorem |F(0)| < ||F||11(,) , we only need to estimate || F||11(,).
By the proof of Lemma 4.1, we have

1

1E L1y < TEQ) +1F = F(O)|zrgy < [F(0)] +CHS(F)HOO/W dp

= [FO)]+ CIS(F)]oo -

Now using Lemma 4.4, we can conclude ||F| g, < ||F||gmoz- O

5. Multipliers of BMO? Space.
As before, the norm in BMO?, ( also VMOE ) is given by

1 ElBaror, = [1F Nl + M OG(F) oo
Consider the multiplier problem:
¢BMOr C BMOL.

It is standard that, by the closed graph theorem, ¢ is a multiplier from BMO? to
BMOY if and only if there is a constant C' = C(p, q) > 0 such that

10F |smog < C ||Fllpmor .V F € BMOE.

We denote the smallest constant C' here by ||¢]|,,. A multiplier from VMO? to
VMO! is defined in a similar way. For a = 1, the multiplier problem has been
studied in [6]. The results in this section are generalizations of those in [6]. The main

results of this section are as follows:

Theorem 5.1. Let ¢ € L}, (D).

(1) Suppose 1 < p < q < oo. Then ¢ is a multiplier from BMO? to BMOZ ( or
VMO?P to VMO? ) if and only if ¢ =0, a.e. on D.

(ii) Suppose 1 < p =q < oco. Then ¢ is a multiplier from BMO? to BMO? ( or
VMO? to VMO? ) if and only if both functions ¢(z) and
W MO?(9)(z) are bounded on D. Moreover, the operator norm of ¢ is

equivalent to

l6ll + Hﬁ MO ()(2)

o0
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(iii) Suppose 1 < g < p < oo. Then ¢ is a multiplier from BMO?. to BMOY ( or
VMO?P to VMO ) if and only if both functions

P—q

(m fBa(z,t) |p| P dA) " and W MO%(¢)(z) are bounded on D.

Moreover, the operator norm of ¢ is equivalent to

p—q

1 g Pq
i | Jol# aa)
‘ (|Ba(27t)| Ba(z:1) .

(iv) Suppose 1 < q < q < oo, and ¢ is harmoic on D. Then ¢ is a multiplier from
BMO? to BMOY ( or VMO? to VMOY ) if and only if both functions ¢(z)

and (1 — |2])|Vo(z)| are bounded on D. Moreover, the operator norm of ¢ is

A=zt MOZL(¢)(z)

iy

o

equivalent to
HMM+&$«1—VMVM@D-

Note: We remark that the results obtained for the case @ = 1 in [6] are different
than the one in Theorem 5.1. The conditions in [6] for ¢ to be a multilpier involve
a factor log 1—L|z\ But the conditions in Theorem 5.1 do help one to understand the
relation betwwen the case @ > 1 and o = 1.

The following Corollary can be obtained by the last part of Theorem 5.1 which is

well known.

Corollary 5.2. Suppose ¢ is analytic on . Then ¢ is a multiplier of a-Bloch space
if and only if € H*(D) and
(1 —12D1¢'(2)]

1s bounded for all z in D. Moreover, the operator norm of ¢ is equivalent to

1@l + 11 = 2016 ()]l -

To be able to prove the theorems, we first investigate the “local” behaviour of the

g-mean oscillation of ¢F at z € D.

Lemma 5.3. Suppose z € D and 1 < p < q < oo. If there exists N > 0 such that
MOL(oF)(z) < N ||F||lgmor for all F € VMO? | then ¢ =0 a.e. on B.(z,1).

Proof: Assume that ¢ is not zero a.e. on B,(z,t). Then there is a positive number
0 > 0 such that the area of the set

C ={w € B,(z,1) : |o(w)| > >0}

is not zero. Now we construct the following test functions in BMO? to show that

this is impossible.
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Let {F,,} be a sequence of functions on D so that F,, € L?, F,, =0 on D\ F, and
| Fllze < 1, but ||Fnlle — 0o as m — oo. We calim that there exists a half-disc F,,
of B,(z,t) so that
GFdA(z) = / OFdA().

Em BOé (Z,t)\Em

For, if E is the half-disc of B,(z,t) then the function
I(F) = OFdA(z) —/ OFdA(2)
Enm Ba(2t)\Enm

is a continuous function of the position of E in B,(z,t). Since I(E) = —1(B,(z,t)\E),
by the Intermediate-Value Theorem of continuous functions, there exists a half-disc

E,, such that I(E,,) = 0. Now we can define our test functions as follows:

Gm = Fm (XEm - XBa(th)\Em) :

Since |G| = |Fpn|, we have ||Go |l e = || Fwllze < 1and ||Ginllze = || Fonllne. Moreover,
since supp(G,,) = supp(F,,) C Ba(z,t), by the Lemma 4.3 and its remark G,, €
VMO? and

2a
3Gl 2o 1+t\ 7 1
1GmllBrior < - T Gl B0 §3(1 ) 5
inf{|By(w,t)|r : Ba(w,t) N By(z,t) # ¢} —1t/)  |Bu(z,t)|*

The key property of our test function is that <;§/G\m(z) = 0, which is easy to check. We

therefore have

oulis = 1208 (1 | |Gm|qu(w));
!Ba(z,t)]é( 1

< [Ba(z, 1) Ba<z,t>'¢'q'Gm'qu<w))q
_ M M2 (6G) (2)

_ M MOZ(¢G)(2)

- M I T P

This contracdicts the fact that the sequence {G,,} is unbounded. 0J
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Corollary 5.4. Suppose 1 <p < q<oo. If pVMO? C BMOYZ |, then ¢ =0 a.e. on
D.

Lemma 5.5. Suppose z € D and 1 < p < q < oo. If there exists N > 0 such that
MOL(¢F)(z) < N ||F||pmor for all F € VMO?, then
1
|Ba(2:t)] Ja(20)

where C' ia positive constant independant of p and q.

|- idA < (CN)ia

Proof: For T' > 0, let ¢r = max (=7, min (7', ¢)), the truncation of ¢. Consider the

test function
fo = 167177 Sign(9) (Xo, = Xoweoner )
where Er (C Ba(z,t)) is a half-disc, choosen as in the proof of Lemma 5.3, so that

¢f, = 0. Then
1l = / foPdA = / ] dA
D Ba(z,t)

Since suppf, C Ba(z,t), we have, by Lemma 4.3 and its remark, f. € VMO? and

(2 +ca) Iz llp
inf|Ba(w)|%

L+t el
= (2+c) (7)) —
e (1—t) |Bu(z,0)]

1
1+1)%° 1 #aa)’
= 24eca (—) <— Prles dA> 08
( ) 1—t |Ba(2,1)] Ba<z7t>’ d o

On the other hand since |¢7|7-7 < |¢| |f|, we have

1 vy ‘ 1 ‘
S p—a dA < S — q 7dA
(!Bacz,t)! e 7! ) < (|Ba<z,t>| e ] >

— MOY61,)(2)

< N|frllsmoz -

| frllBaor <

Therefore by (5.8)

1 _pa_ % 1+t 2o 1 pq p
B P dA) §3N(—> (_ o5 dA) .
(|Ba(z,t)| Ba(zt) 1—t [Ba(2:0)] /o)

Which implies

pq

1 . T+\2*\ "
_— |¢T|P*‘1 dA S 3 N <—) .
| Ba(z, )| JBa(z0) 1—t
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Letting T" — oo, we get the desired estimate. O

Corollary 5.6. Suppose 1 < q <p < oo. If 9V MO? C BMOY, then

1
|[Ba(2, )] /. (2.0

where C' is a positive constant independant of p and q.

6777 dA < (C ||¢llpg)7 , YzeED

Lemma 5.7. Suppose z € D and ¢ > 1. If there exists N > 0 such that MO%L(¢F)(z) <
N |[Fl|pmog for all F € VMOY, then |p(w)| < C N a.e. on By(z,t), where C is a

positive independant of q.

Proof: It is clear that for any p > ¢, we have
F saos < ||Fllgyor , ¥V F € BMO? .

Thus
MOL(oF)(z) < N||F||pmor, , VF € VMO .

Therefore by Lemma 5.5, there is a positive constant C' independant of p and ¢ such
that

pq
r—q

dA < 1.

L Ir
|B04(Zat)| Ba(z,t) CN

Letting p — ¢*, we have |¢(w)| < CN a.e. on By(z,t). O

Corollary 5.8. Suppose p > 1. If pBMO? C BMOE, ( or ¢V MO? C VMO? )
then ¢ € L>. Moreover, ||¢|lc < ||®]pp-

Proof: In fact, for any positive integer m, we have ¢"VMO? C BMO?P, with
0™ lpp < l|Bll}, - By Lemma 5.7, there exists a constant C' > 0, such that

6(2)| = (|¢™(2))7 < (Cl¢™ o)™ < C[|8]lpp ace. on D

Letting m — oo, we have the corollary. ([l

Lemma 5.9. Suppose z € D and 1 < g < p < oo. If there exists N > 0 such that
MOL(¢F)(z) < N||F||gaor for all F € VMO?, then

1 .
At M0al9)(z) < ON

where C'is a positive constant independant of p and q.
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Proof: For '€ VMO?, we let

g=F—F(z).
Then
F(2) (0= 0(2)) = 0F = 6 (2) — (69— d9(2)) -
For convenience, denote r = 2L if p > g and r = oo if p = ¢. Then by Holder

p—q
Inequality, Lemma 5.5 and Lemma 5.7, we have

MOL(pg)(z) < 2Mi(dg)(z)
< 2M () (2)ME(g)(2)
< 2ACN)YMOP(F)(2) .

Hence by the above identity, we have
|[F(2)|[ MOL(¢)(2) < MOL(GF)(2) + MOL(6g)(2) < CN||F||paox

To complete the proof, we need to pick a test function F, € VMO?P such that

HFzHBMog < C and |Fz(2)| > W

Consider the function F,(w) = ~—=a=;. First we verify that F, € VMO? by

~ 0wz T

using Theorem 3.1. Since VF,(w) = A% < 1i >, we have

(1-w z)«
a(a — 1)"2’(|\/§ < (1 _ |’LUD
1 —zwl® — (1-—
as |w| — 1. This shows that F, is in VMO?. Moreover

du 1 1
1 p— —_— < —_— h— o < .
||FzHL (w) / (1 s Ca/ (1 — |w|)a_1 (1 |w|> dA(w> > Cq

w z) T

oo = 1)[z[V2
|

2]
2|

S(F:)(w) = (1 = fwl)

Therefore, we have
1F N aon = [1Flleagn + 1S(F)llee < ca+V2(a = 1) .

Also, since F,(w), is analytic in z, we have F,(z) = E(z) Therefore

1 1 —~
2011 — |z|)>t = (1— [z]2)Tt F.(2) = F.(2)

and this is enough to conclude the lemma. 0

Corollary 5.10. Suppose 1 < q<p < oo. If pBMOE C BMOZ, then
1
(1 —[z])ot

where C' is a positive constant independent of p and q.

MOL(P)(z) <C|9llpg Vz€ED
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Proof of Theorem 5.1 :
We prove only the results of multipliers from BMO? to BMO?.

The part (i) of the Theorem is proved as Corollary 5.4.

Also it is clear that the necessary conditions of (ii) and (iii) follow easily from
Corollories 5.6, 5.8, 5.10.

To prove the conditions (ii) and (iii) are sufficient, we denote N1 = ||¢||o if p = ¢
and Ny = [[M(0)| o, with r = FLif ¢ <p ; and
Ve = | e Mot
2 == T N % z
(1 —1z]) o

For F € BMOP and any fixed z € D, let ¢ = F — F(z). Recall the identity in the

proof of Lemma 5.9
OF — 6F(2) = 69 — 09(2) + F(2) (0 - 3(2))
and the estimate
MOZ(¢g)(2) < 2M7()(2) ME(g)(z) -
We have

MOL(¢F)(z) < MOZL(dg) + |F(2)|MOL(6)(2)
< 2N\ MO?(F)(2) + |F(2)|MOL(9)(2) .

By Lemma 4.2 we can continue above estimate as follows

MO{(oF)(2) < 2NMOZ(F)(2) + C[|Fl[puox : T MOL()(2)

(1—1zl)
< OV + No)||Fl|gumor - (5.9)

To estimate L' (u) norm of ¢ F for any F' € BMO? | we note that the multiplier ¢ itself
is in BMOZ and ||¢|| gaproz < (N1 + N2). Now by Lemma 4.2 we have the following

1 1
———— <Ny + Ny) —————— v D.
(=t = O i

(1= [z)>t"
Also, consider the following decomposition

6(2)] < Cll¢llsaros

OF = ¢ (F - ﬁ(z)) 4 oF(2) .
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Then

IN

MAOF)(z) < MI(OF)()
ME(6(F = F(2))) + |F()|M2(@)(2)
ME(@)ME (F = F(2)) () + [F(2) [ ML(6) (2)
Ny (MOL(F)(:) +|F(2)])

1
A=)

IN - IA

IN

CN|F|[gmor,

Therefore, we have

”(bFHLl(u) < CHMO{HLl(u)
1
)ozfld'u

< CNIHFHBMOQ/W

= CN||F[[pnoz - (5.10)
Now from (5.9) and (5.10), we can conclude that
IoF | rog = 19F |1y + 1M OG(OF)lo < C(N1 + No)||F[pasor

where C' is a positive constant independant of p and ¢. Hence ¢ BMO? C BMOY if
N; and N, are bounded. i.e. ¢ is a multiplier.

The proof of part (iv) is splited into two cases. First consider the case p = ¢q. Then
from part (ii) of the theorem, we have ¢BMO? C BMO? if and only if ¢(z) and
(1 —|z])|Vo(2)| are bounded. But by Lemma 4.4, we have

MOZ(9)(2) < CS(9)(2) -

Therefore, pBMO? C BMOP if and only if ¢(z) and (1 — |z])|V¢(z)| are bounded

and operator norm equivalent to
[6]loc + sgg(l — [2DIVe(z)] .

For ¢ < p, from part (iii) of the theorem we have ¢ BMO? C BMOY if and only

if (let)' fBa(z 9 |gz5|7">; and WMO&(QS)(Z) are bounded. Therefore again by
Lemma 4.4, we have pBMO? € BMOZY if and only if M’ (¢)(z) and (1 — |z])|V¢(2)|
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are bounded. Now

M(0)(z) < |o(2)| + M (¢ — 6(2)) (2)
= o(z)| + MO, (¢ — 6(2)) (2)
< o(2)[ + Csup S(¢)(w) -

web
Hence, BMO? ¢ BMOY if and only if ¢(z) and (1 — |z])|V¢(z)| are bounded and

the operator norm is equivalent to
[0l +sup(1 = DIV . O
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