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SECTIONI

Equations of Order One

1.

Separation of VariablesConsider the equatiol (x, y) dx+ N( x y) dy=0. If this

equation can be put in the forfn(x) dx= g( y) dy, we say that the variables can be
separated. Then, the solution may be obtainedtegiating both sides.

1.1. Solve the equatiogl:i. ANSWER y=;,wherec isa
dx 1-x In‘C(l—x)‘

constant of integration.

1.2. Solve the equatio% = _IXD' ANSWER V =C/ P, whereC is a constant of
integration.

13, Solve the equatiof = CSCZZX
dt 1+t

. ANSWER X-sinxcosx= 2tafl t+ C, whereC
is a constant of integration.

Homogeneous CoefficientsConsider the equatiol (x, y) dx+ N( % y dy=0. If this
equation can be put in the forgi= f (y/x), then making the substitution= y/ x will
yield a separable equation.

REMARK: In certain cases it may be easier towsetx/ y instead.
2.1. Solvethe equatio("|x2 - xy+ yz) dx- xydy0. ANswer (y-x)exp(y/ X =C
, WhereC is a constant of integration.
Exact Equations:If a function F (x, y) exists such thalF = M dx+ N dy=0, we call
the equationM dx+ N dy=0 exact. Recall thatlF = (JF/Jdx) dx+(J F/J y) dy.
Therefore, if the equatioM dx+ N dy=0 is exact, therM =JdF/Jdx and N =JF/dy.
THEOREM If M, N,JM/dy, andd N/J x are continuous on a simply connected
open set, thetM dx+ N dy=0 is exact if and only M /dy = I N/J x.

The solution to an exact equation is found by ‘jphmtegration” and is given by
F(x, y) = C, whereC is a constant of integration.



3.1. Find the solution of the equatich(xy— 2) dx+( X+ 2)) dy= 0, which passes
through the poin{1,0). ANSWer Xx*y-3x*+ Y’ +3=0.

Linear Equations:A first-order differential equation of the foquy+ P(x) y=Q( X is
X

called linear. This equation may be solved by iplyiing both sides by the integrating
factor 4(x) = exp(j P(x) d>§ . This causes the left side of the equation t@ivex

d .
— , I.e. exact.
DY)
WARNING: The coefficient ofy’ must bel.

4.1. Solve the equatiori(y— 4x2) dx+ xdy= 0. ANSWER y=2x+ CXx?, whereC
is a constant of integration.

Equations of Order Two

5.

Equations of the fornd?y/dx = f( x dy d¥: Make the substitutionly/ dx= v (and
therefored?y/ dx = V) in order to reduce the equation to order one.

5.1. Solve the equatiory’ =5(y)". ANSwer y=-1In|C, +5X+ G, whereC, and
C, are constants of integration.

5.2.  Solve the equatioxy’ = y + X subject to the conditions that wher1 we have
y=1/2,y =1. ANSWER 24y=>"+ ¢+ 2.

Equations of the formizy/ dx = f( y dy d){: Make the substitutionly/ dx= v (and

therefored?y/ dx¢ = vdy dh) in order to reduce the equation to order one.

REMARK: The fact thaid?y/ dx’ = vildy d\ comes from the chain rule,
specifically d?y/ dxX = dy dx= d¥ di dy dx dv dy.
6.1. Solve the equatioryy’ +(y)* =0. ANSwWEr y? =G, x+ G, whereC, andC,
are constants of integration.
Linear equations with constant coefficiengs/ + by + cy=0: Finding the roots;, and

r, of the auxiliary equatiomr® +br +c =0 leads to the solution as follows.

Case 1: 1, #r, both real=y =C,e"* + C, & , whereC, andC, are constants of
integration.

Case 2: r,=r,=>y =C,e" + C, xé¢*, whereC, andC, are constants of integration.

Case 3: r,=a+bi,r,=a-bi= y=C, € cosbxt C & sin b, whereC, andC, are
constants of integration.



10.

ReEMARK: This method may be extended to linear differémgpations with
constant coefficients whose order is higher tham tw

7.1. Solve the equatiory’ -6y +10y= 0. ANSWER y=C, €*cosx+ G & sin>,
whereC, andC, are constants of integration.
7.2. Solve the equatiory” +4y + 4y= 0 subject to the initial conditions
y(0)=1Y (0)=-1 ANSWER y=(1+x)€*.
Method of Undetermined Coefficient¥he solution of the linear differential equation
with constant coefficientay’ + by + cy= f( )) is y=y,+Y, wherey, is the general
solution to the associated homogeneous equajor by + cy=0 and y, is any
particular solution ofay’ + by + cy= f( >) The method of undetermined coefficients is
based on making a judicious guess as to the foriy), of

8.1. Solve the equatiory’ + y —2y= 2x- 40cos X.
ANSWER y=C €+ G € -1- % 6cos2x 2sin2;, whereC, andC, are
constants of integration.

8.2. Solve the equatioly” + 4y =8 + 12x.

ANSWER y=C cos2x+ C, sin2+ 3+ &, whereC,, andC, are constants of
integration.

Reduction of Order:Consider the linear differential equation of artieo
y'+P(X) y+ Q ¥ y=0. If we know one solutiory =y, then a second linearly

independent solutiory = v, is given by

B exp(—jP(x) dx) )
yz - yl% [yl(x)]z d

WARNING: The coefficient ofy" must bel.

9.1. Verify that y = x is one solution of the Legendre differential egurat
(1— x2) y'—2xy+ 2y= 0. Find a second solution.

1+Xx
1-X

ANSWER y=-2+xIn

Variation of Parameters:Consider the linear differential equation of artieo
y'+P(X) y+Q ¥ y= B X. If we know two linearly independent solutiogsand y,

of the corresponding homogeneous equatibn P(X) y+ Q( ¥ y=0, then a particular

solution of y"+ P(x) y+ Q[ ¥ y= R Xisgiven byy, =v () w( X+ u( 3 y( X
where



vl(x):J%dx and y( &:J% dx

Note:W(x) = y( X %( ¥- ¥ X y( kis the Wronskian ofy, and y, .
10.1. Solve the equatioly’ -3y +2y= :}/( 1+ e‘x) :

ANSWER y=G €+ G & +( &+ &)In(1+ ), whereC, andC, are
constants of integration.
11. Laplace Transforms:The Laplace transform of is defined by

L{f}(s)=F(9=[ e f(} v
The Laplace transform obeys the linearity property

L{af () +bg(9} (9= aH 3+ bG ¥
wherea andb are constants.

Some basic formulas for the Laplace transform are:

L{]}(S):é L{coskt}(s):szTSkz
L{t”}(s)=ST—+!1, n=12,3 ... {e smkt} (sa)%kz
L{eat}(s):ét L{ & cos K ( $:(s— ¥+ R
red (9= ner2z . LIS =sL (9 H0)
(5-9 L{17}(s) = $L{ (9~ s{0)- f(0)

L{sinkt}(s) "7

Solving an initial value problem using the methdd.aplace transforms.
i) Take the Laplace transform of both sides ofa@haation.

i) Obtain and solve an (algebraic) equation fa taplace transform of the
solution.

iii) Determine the solution of the initial valuegiem by inverting the
Laplace transform in part ii).

11.1. Solve the initial value probleny' (t)+3y(t)=13sin2;y( =
ANSWER y(t) =8e™® -2cos2+ 3siné.

REMARK: This problem could have been solved by the netifatem 7.



12.

11.2. Solve the initial value problery” (t)+2y (t)+ y(t) =3te'; 0 =4,y 0= -
ANSWER y(t):(4+6t+%t3)e“.
REMARK: This problem could have been solved by the neetifatem 8 or
item 10.
Cauchy-Euler Equation:The linear differential equation of order two

d’y  , dy
ax’ —>+ bx—2+ cy=0,
dx? dx

wherea, b, andc are constants, may be solved by substitugirgx’ into the equation
and solving forr .

12.1. Solve the equatiox®y" + xy — y=0. ANSWER y=C x+ C, x"?, whereC,
and C, are constants of integration.

SECTIONII

Problems for further review.

1.
2.
3.

10.

11.

12.

13.

14.

xy’ dx+ & dy=0. ANSWER €% +y?=C.

xcos ydx+ tanydy= (. ANSWER Xx°+tan’y= C?.

XY =4X +Txy+ 2. ANSWER X*(y+2X)= C( y+ X.

y(9x=2y) dx- X6 % § dy O;when x 1, ¥ . ANSWER 3x’-X’y-2y* =0.
(1+ y* + xy2) dx+( Xy y2 x)/ dy 0. ANSWeR 2x+y?(1+X)° = C.

(r +sing-cod)dr +r ( sird+ cof)dd= . ANSWER r’+2r (sind- co®)=C.
y = x-2xy. Solve by two different methods.NAWER 2y =1+Ce* .

(2x+3) y = y+(2x+ 3]/2 ;whenx=— 1y= . ANSWER 2y =(2x+ 3)1/2 In( 2x+ 3.
y’y'+(y)' =0. ANswer x=C y-In|C, y.

y'cosx=y. ANSWER y=C,+Gln(1-sinx).

y'=2y(y). Answer y*=3(C,-x-G Y).

y'=-€%; whenx= 3,y= 0,y=- . ANSWER y=In(4-x).

y'+6y +9=0. ANSWer y=(C +C, X .

2yl —3y" — 2y = 0. ANSWER y=C+GC, x+ G &+ G &2



15.
16.
17.
18.
19.
20.

21.

22.

23.

24,

25.

26.
27.

28.

29.

y' =4y +7y=0. ANSWER Yy=C, & cosy 3x+ G & sin/ 3.

y¥ +2y"+10y' = 0. ANSWER y=C,+C, X+ G, 6 cos3x% G & sin3.
y¥ +18y' + 8ly= 0. ANswer y=(C +C, Ycos3x+( G+ G ¥ sin3:.
y'+y =sinx. ANSWER y=C +C, e*-1sin x-1cosx

y' -3y —4y=5¢&". ANswer y=(C +x) € + G &

y'+3y =-18x; whenx= 0y= 0y= . ANSWER y=1+2x-3xX-¢€>,
).

Verify that y = € is a solution of x-1) y" = xy + y=0. Find the general solution of
(x-1)y' = xy+ y=1. ANSWER y=C x+C, & +1.

y'+2y + y:(é‘—l)_z. ANSWER y:e‘x(q+ G x—In‘l— e”

y"+y=seC x. Solve by two different methods.

ANSWER Yy =C, cosx+ C, sinx+3 sec.

y'(t)=3y(t)+2y(t)=€; y0 =0, y( 9= ( Solve by two different methods.
ANSWER y=1d-¢€+1 €.

y'(t)-4y(t)+4y(t)=4cos2;y §= 2y( P= . Solve by two different methods.
ANSWER y=2€" (1+t)-1sin2t.

X°y' +2xy-12y= 0. ANSWER y=C ¥+ C, x*.
Xy'=3xy+4y=0. ANSWER y=xX(C+GCln X.

Newton’s Law of Coolinglet T(t) represent the temperature of an object at tirmad

suppose that this object is placed in an enviroriwéere the ambient temperature at
time t is given byM (t). Experimental evidence shows that a good modisf

situation is given by the equatiahr/ dt= k( M( ) - T( l)) wherek is a constant of
proportionality.

28.1. Suppose that a thermometer, which has been a¢#aeng70° F inside a house,
is placed outside where the air temperatutkdi$=. Three minutes later it is
found that the thermometer reading?2® F. Show that
T(t)=10+60exg-it InJ.

Mechanical Vibrations:Suppose a weight with mass is suspended from a spring with

spring constank . Let x(t) represent the distance of the weight from equiliorat

time t where downward is taken as the positive directibhis situation can be modeled



by the differential equatiomx'(t)+ bx( §+ kX = f( ) whereb is a damping constant
and f (t) is a forcing function.

REMARK: Recall thaHooke’s Lawstates the following. A spring stretched from
its rest position exerts a restoring foleewhose magnitude i& =Kks,

where s is the amount of elongation of the spring dnd 0 is the
spring constant.

29.1. Undamped Vibrationgéb =0): The differential equation becomes
x'(t)+ B°x(t) = f(t) where 8> =k/m. Notice that a factor dffm has been
absorbed into the forcing function.

29.1.1.Suppose that a spring is such that it would bec$teel 6 inches by a 12-
Ib. weight. Let the weight be attached to thergpand pulled down 4
inches below the equilibrium point. If the weighistarted with an
upward velocity of 2 ft/sec, describe the motigkssume that no damping

or forcing function is present. Show thaft) =-1sin&+ cos8.

29.1.2.Suppose that the forcing function in 29.1 is gibgnf (t) = Asinawt
wherew# . Assuming the initial conditions avg(0) = X, and
X (0)=,, show that

x(t):VEsinﬁH)q) cosft- sirﬁt+ﬁ—A cogt.

2_ 2

_ A
ﬁ(ﬁz _wZ)
REMARK: The case wherd =0 is exactly the case where no forcing
function is present. Compare the solution of 29.With
A=0, to the solution of 29.1.1.
29.1.3.Suppose that the forcing function in 29.1 is gibgnf (t) = Asinawt
wherew= £ (this is the case of resonance). Assuming thini
conditions arex(0) = x, and x'(0) = v, show that
A,
2,6’2( sinBt- Bt coSt).
29.2. Damped Vibrations:The differential equation becomes
X' (t)+2yx (t)+ B2x(t) = f(t) where2y =b/m. Assume the initial conditions
are x(0) = x,, X (0) =\, and there is no forcing function.

x(t) :V—lg sinBt+ x, cosBt+

29.2.1.Underdampedor Oscillatory) Motion: This is the case wherg > y .
Show thatx(t) = €” ( gcosd t+ ¢ sind {) whered” = f*-y?, 6>0.

29.2.2 Critically Damped Motion:This is the case wher8 =y . Show that
x(t)=e"(g+ ¢ 9.



29.2.3.0verdamped MotionThis is the case wher8 < y. Show that
x(t)=q e+ ¢ &7 wherea? =y?- 82, 0 >0.

REMARK: It is very instructive to choose specific valdesm, b, k, x,
, Vy, and to compare the graphsofversust in the cases

where motion is underdamped, critically damped, and
overdamped.



