“PRE-EXPERIMENT:” UNCERTAINTY ANALYSIS

“Absolute certainty is a privilege of uneducated minds — and fanatics. It is, for scientific folk, an
unattainable ideal.”
Cassius Kayser

Purpose

The objective of this laboratory is to become familiar with the concepts of uncertainty and limits in
accuracy. In propagating these uncertainties through some calculations, you will find how the final
precision is affected by experimental technique.

On the surface, this experiment is simple enough: find the density of some metal objects and identify the
material. The purpose of this experiment is not the “physics,” but rather to learn how uncertainty is
incorporated into the reporting of experimental results.

Introduction

No measurement made in the laboratory is ever perfectly exact. Even numerical quantities that are found in
handbooks or quantities that are used in industrial and experimental work are, in the final analysis, inexact
because they were determined by some measurement, either directly or indirectly. Whenever
measurements are made, errors are present. Increasing the accuracy of a measurement is accomplished by
reducing the magnitude of the errors but never by eliminating all of them. Errors are divided into two
general classes: systematic errors and random or chance errors. Generally, we associate the first type with
“accuracy” and the second type with “precision.” Systematic errors can be eliminated or accounted for in a
particular measurement, but some chance errors always remain.

SYSTEMATIC ERRORS

Systematic errors may be divided into several classes: theoretical, instrumental, and personal errors. All of
these may be compensated by careful consideration of the physical system and experimental apparatus. For
example, a theoretical model may be inaccurate if the internal resistance of a battery was inappropriately
neglected. Instrumental errors may be calibrated out; for instance, the heat expansion of a metal meter stick
could affect the results of some measurements. Finally, “silly” human errors of wrongly entering a number
or misreading a scale can be reduced with careful execution of the experiment.

CHANCE ERRORS OR UNCERTAINTIES

Chance or random errors are due to irregular causes. These errors are most likely to appear when accurate
measurements are being made: when instruments are built or adjusted to measure small quantities, the
fluctuations in the observations become more noticeable. For example, if one wishes to measure the length
of a laboratory table to the nearest foot, there would be no excuse for any observation differing from any
other observation no matter how many times the measurement is made. However, if one attempts to
measure the length of the same table to the nearest 0.001”, the individual observations will be sure to differ
greatly among themselves provided that these observations are performed with care and without prejudice.

When all of the systematic errors have been eliminated or reduced to a minimum, the remaining chance
errors will be the chief source of imprecision. Fortunately, most chance errors have been found to follow a
definite mathematical law, called the normal or Gaussian distribution of errors (“bell curve”). When the
errors are distributed in such a predictable way, they can be examined in such a manner as to increase the
reliability of the results. By studying the distribution of errors and the laws governing the probability of the
occurrence of errors one may greatly increase the precision of the experimental results. The treatment of
chance errors forms a large part of the subject of precision of measurements.

Because of chance errors, measurements of a quantity will fluctuate above and below its “actual” value
since a Gaussian distribution of measurements is symmetric. Hence, measurements of something that is
“exactly” 3 meters long could range from 2.997 meters to 3.003 meters and would be reported as 3.000 +
0.003 meters. We call these chance errors “uncertainties;” they represent the amount of uncertainty in the
measurement or result, and represent an estimate of the reliability of a measurement. If we measured the



quantity many times, we would expect a large percentage (~70%, it can be shown mathematically) of the
measurements to fall within the range of the uncertainty [between x + Ax and x — Ax]. Note that this is not

100%! Therefore some measurements may fall outside this range.

Because uncertainties are just estimates, we retain only one or two significant figures in the uncertainty.
The result is then rounded off to the same decimal place as the last digit of the uncertainty. NOTE: THIS
REPLACES THE IDEA OF “SIGNIFICANT FIGURES!” For example,

1.32+0.04 NOT 1.3226+0.04 NOR “1.28to 1.36”
3.68+0.12 NOT  3.6842+0.1237 NOR  “3.56 to 3.80”

RELATIVE VS. ABSOLUTE ERRORS

When we speak of absolute errors we mean the absolute number of units by which the measurement or
quantity is uncertain. Relative errors are the fraction or percentage of the value represented by the
uncertainty. For example, one might measure a football field and report its length as “300.00 ft + 3

inches,” or better, “300.00 ft £ 0.25 feet.” The absolute uncertainty in the measurement is “0.25 feet.”

Alternatively, one might report the length of the football field in terms of the relative uncertainty: 0.25 feet
15 0.083% of 300 feet, so the length may be reported as “300.00 ft + 0.083%.” The usefulness of both

statements about uncertainty depends upon the application; for instance, determining the distance of a road
trip from Platteville to Madison to within 1% is probably accurate enough. However, determining the
sequence of the 3 billion bases of human DNA with this precision corresponds to 30 million errors — an
unacceptably large number.

EXPERIMENTAL DETERMINATION OF UNCERTAINTY

Given a measurement, how does one attach an “uncertainty” to it? The answer depends on the type of
phenomenon being observed. Statistical phenomena, such as radiative decay, have guidelines grounded in
their statistical nature and will not be considered here. The formal means of determining uncertainty for
measurements of non-statistical phenomena, such as voltage or length or mass, is to collect many
measurements and to find their average and standard deviation. The standard deviation is then used as the
uncertainty, as long as it is greater than the instrumental precision (see below). You may use this method if
you are comfortable with it.

If you are not comfortable with the statistical analysis, which is beyond the scope of this course but often
preprogrammed into calculators and spreadsheets, you may apply one of the following, depending on what
is limiting the precision:

1. Instrumental precision: if a voltmeter is accurate to the nearest millivolt, its values should be recorded
with an uncertainty of 1 millivolt. For example, if the voltage across a resistor is consistently
measured as 1.532 V, the uncertainty would be 0.001 V. Similarly, a micrometer accurate to the
nearest 1/128” will have less uncertainty than a ruler accurate to the nearest 1/16”.

2. Chance error: this may be caused by thermal fluctuations, misalignment, or any other “random” event.
This will cause the uncertainty to be equal to or greater than the instrumental precision. For example,
repeated measurements of the voltage above may be found to vary from 1.428 V to 1.538 V. A full
statistical analysis would be the most accurate means of determining the uncertainty. In lieu of this,
you may take the average of a small set of measurements and assign an uncertainty that covers most of
the observed range; i.e. if the average in the above example was 1.532 V, an acceptable uncertainty
could be 0.004 V because the range 1.532 £ 0.004 covers most of the observed measurements.

PROPAGATION OF ERRORS

The preceding section focused primarily on errors on measurements. In most experiments, the result is not
measured directly; it is calculated from the measurements. The measurement uncertainties or errors must
therefore be propagated through the equations to determine the uncertainty or error on the result.



The purpose of error propagation is to answer the question, “Given a set of data and their uncertainties
(errors), what is the uncertainty (error) on a prescribed function of these data?”’ For example, suppose a
rectangular plate had a measured length of 20.0 = 0.2 cm and a measured width of 10.0 £ 0.1 cm. The plate

area is obviously 200.0 cm®. What is the uncertainty on the area of the plate?

To propagate the uncertainties through the calculations is fairly straightforward. If the value y is a function
of the measurements x and v (and others) which each have their own uncertainty O.and O, (ie.x+ O, v

+ 0,) then
y = f(x,v)

and the uncertainty in y (represented as O ,) is given as

dy ? dy ?
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This is true only if the uncertainties in x and v are independent of one another; otherwise cross-terms must

be included (for more details, see any statistics text, such as Bevington, Ch. 4)." The partial derivatives are
evaluated at the mean values. To illustrate, consider the example above of the calculated area of the plate.

The area is a function of the width and length:

A=f(w]D)=wx 1

So the uncertainty is given by
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= (0.1cm)*(20.0cm)* + (0.2¢m)*(10.0cm)* =8.0cm*

Therefore the uncertainty in the area, O ,, is (8.0 cm*)"2, or 2.8 cm?, rounded to one significant figure, 3
cm’. The area is thus reported as 200 cm® + 3 cm”. This procedure can be applied to any function, as long
as the derivatives are carried out properly and the component uncertainties are added in quadrature, as done
above in Eq. (1). As another example, if y = In(x), then 8,2 = (1/x)*0 %,

RULES OF THUMB

Many functions found in experiments follow similar forms so we can develop rules of thumb to determine
the uncertainties for these standard forms. A note on notation: sometimes uncertainties are represented
symbolically by either a lower case Greek sigma ( 0") or an upper case Greek delta (A) — for example, O,
and Ax are equivalent and interchangeable.

1. The statistical uncertainty on a sum or difference is the quadrature sum of the absolute uncertainties:

Z=X+Y or X-Y
AZ=[AX*+ AYH"?

2. The uncertainty on data multiplied by a scalar is the uncertainty multiplied by the same scalar:

' Data Reduction and Error Analysis for the Physical Sciences, Philip R. Bevington, McGraw-Hill. In UW-
Platteville library: QA278 .B48 1992.



Z=aX
AZ=1a AX| = THERE ARE NO MINUS SIGNS IN UNCERTAINTY ANALYSIS!

3. The relative (percent) uncertainty on a product of powers is the sum of the relative uncertainties times
their respective powers. The powers may be positive or negative, integer or fractions:

7 = X*Y®

4. The uncertainties for other functions (In, exp, sin, cos, etc.) must be evaluated according to Eq. (1)
above.

5. If an average is taken of a series of measurements, the uncertainty on the average may be found by
applying rules 1 and 2 above. If each of the measurements has the same uncertainty [ Ax], then for
(say) three measurements the average is

(x, +x, +x3)

X = f(x,%,x;) = 3

This leads to an uncertainty in the average (by applying Eq. 1)

1
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We find in general that for N measurements, the uncertainty of the average value is smaller than that of
the individual measurements by a factor of 1/N"2,

DATA PLOTS AND “LEAST SQUARES” FITS

One of the most important steps in the experimental investigation of a problem is interpreting the
experimental results in such a way as to develop or discover a functional relationship between certain
variables. A useful means of discovering this functional relationship is to plot the data. Uncertainties
appear on plots as error bars — see figure below. The bars span the uncertainty range about the average
value for each data point.

Often, various sets of coordinates may be used in an attempt to rectify the data, i.e., to make the data graph
as a straight line. The determination of such a set of coordinates solves the problem of the functional
relationship between the original set of data. For example, the relationship given by the simple power law
y = kx" may be rectified by graphing log y vs. log x where the slope of the straight line resulting will equal
the exponent n and the intercept of the line will be log k; similarly, the exponential function y = " may be
rectified by a semi-log graph (log y vs. x).



Figure 1. Sample data plot with error bars.
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Once the form of the functional relationship between the variables is determined (i.e., linear, exponential,
etc.), the next problem is that of determining the constants which appear in the equation relating the
variables. Here, we will only consider variables (and rectified variables) that are related linearly, so we
become interested in the slope and intercept of a linear graph. In general, because of uncertainties the data
points usually will not all lie on a line. Additionally, there is considerably more data than necessary for a
unique solution of the line so the problem becomes one of determining the “best” line for the data given.
One simple, non exact method of doing this is to simply draw a line over a plot of the data, determining
visually the relationship between the variables. While useful as a “first pass,” this conveys no information
as to whether it is the “best” fit, and what the uncertainties on the slope and intercept may be.

A commonly-used mathematical method is that of least-squares. Suppose you have obtained a set of data

(N pairs of x;, y;) which (perhaps after rectification) graph as a straight line. The least-squares fit finds the
“best” linear relationship between the measured quantities y and a physical value x, such as y(x;) = b + mx;.
This is done by minimizing the quantity 7, the summed squares of the difference between the data and the

fitted value:
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The summations are taken over the complete set of data. The objective, then, is to find the values of b and
m such that d ) */db and d )y */dm are minimized [i.e. the derivative is equal to zero]. Carrying this out and

assuming that the uncertainties in y; are dominant and equal for each measurement, one can find (see, for
example, Bevington):

b=(1/A)(Z xfz yi—z xiz X;yi)
m=(/A) (N, xyi- 2, %2, ¥) @)
A=ND, =), %)

These results are identical to those given by typical spreadsheet fitting routines. For practice, you may
wish to try the following set of data which have an obvious slope and intercept in the above equations: did
you get the correct values?
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UNCERTAINTY IN FITTED COEFFICIENTS
The uncertainty in line fit coefficients is related to the amount of scatter in the data about the fitted line;
that is, the sum of the square of the residuals between the fit and the data:

1
o'=—— —mx,—b)’ 3
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The uncertainty in the line fit coefficients b and m are then given in Eq. (4); A and 67 are described above
in Egs. (2) and (3).
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NOTE: if the uncertainty on the intercept is not significantly larger than a systematic error on the data
points, then add the systematic and probability errors in quadrature:

2 2 2
O net = O-b + O-syxtematic &)
For instance, if you only knew that a measured voltage was within + 0.5 V of the true voltage, this
systematic error would tend to only shift the fitted line up or down on the y-axis. Therefore, the slope is
unaffected but the intercept is.

NONLINEAR CURVE FITS: FITTING TO AN EXPONENTIAL

More complex techniques exist to fit to nonlinear and arbitrary functions (see Bevington) which are beyond
the scope of this course. However, with care we may apply the above relations to an exponential
relationship. If we start with a general relation

X

y=ach,
we may linearize it by taking the logarithm:
logy =log a+ (logc) x

where now the fit is between x and log y, using the parameters log a (intercept) and log c (slope). The
previous relationships may be used by simply making the following substitutions into Eqgs. 2:

yi = logy;
b = loga
m = logc

As long as the uncertainties are small in comparison to the data, all of the above relationships for slope,
intercept, and uncertainties in Eqs. 2 and 3 may be used. If the uncertainties are large, however, one must
include “weighting factors” or else the uncertainties for large values of y; will be overemphasized. This is
beyond the scope of this course, but the algorithms may be found in Bevington, Ch. 9.

Spreadsheets and commercial software programs contain algorithms to compute the least-squares
coefficients, and you may use them after this initial experiment. However, you will be expected to report



the root mean square residual value (the square root of Eq. (3)) on any lines, in addition to the slope &
intercept & uncertainties on each.

Experiment

You are to find the density of two metal objects of unknown composition, at least one of which is a ball
bearing, and to make a statement as to their composition from your results, including uncertainties. This
experiment serves as a “breaking in” period for becoming familiar with statistical uncertainty in
experiments.

From this experiment on, all reported quantities are to have uncertainties attached to them — even if not
explicitly requested in the laboratory manual.

You may use any and as many methods as you wish, as long as you use apply at least two different volume-
measurement techniques to each object. For instance, you may use a micrometer, a ruler, volume
displacement, or any technique you invent to reduce the uncertainty. Record the objects studied, the
instruments used to make measurements, and the values measured (length, mass) with uncertainty. Use the
attached table in determining the material composition.

You will hand in a brief report containing a summary of what you did, representative calculations, and your
determination of the mystery materials. In the body of your report, answer the following questions:

How did you determine the uncertainty for each technique you used or developed?

Which uncertainty — that in the mass, or that in the length — most limited the precision of the final
result? Why?

Why could you or could you not select a single candidate material for each object?

Combine the results of your two techniques to find a new, average density. What is the error
associated with this value?

It is not anticipated that the data collection will take a large amount of time, so you may actually be able to

turn in this summary during the laboratory period. Handwritten reports are acceptable, if clearly written —
the instructor reserves the right to refuse illegible reports!
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